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Abstract
Experiments on radiation torques and negative

radiation forces by various researchers display how the
underlying wave-field geometry influences radiation
forces. Other situations strongly influenced by wave-field
geometry include high-order caustics present in light
scattering patterns of objects as simple as oblate drops of
water or oblate bubbles of air in water. Related theoretical
and experimental investigations are considered. Scattering
enhancements associated with guided waves having
negative group velocities are also examined.

1 Introduction
Summarized here are examples of scattering research

from the past 35 years. Readers are encouraged to consult
the referenced publications for the broader context.

2 Optical Angular Momentum and Torque
In about 1900 Sadowsky (and later Poynting) realized

that circularly polarized plane waves should exert a torque
in certain situations. Beth confirmed this in the 1930s. In
1983 the present author noticed that an analysis of the
torque on an isotropic sphere predicted by Mie theory was
unavailable. If the incident circularly polarized light has
positive helicity, the torque (using the time-averaged
Maxwell stress evaluated in the far field) was found to be
[1]: Γ = Pabs/ where Pabs is the absorbed power (but not for
non-axisymmetric objects). The various special cases in [1]
considered including enhancing Γ and Pabs by selecting 
to excite a surface plasmon mode of a small metallic
sphere. This enhancement was recently used to spin gold
nano-spheres in water at an angular frequency of a few
kHz [2]. It may appear surprising that there is no torque
on an isotropic non-absorbing sphere. To understand this
Marston and Crichton [3] used Humblet’s decomposition
of field angular momentum (from the 1940s) to analyse the
angular momentum carried by the scattered radiation. Part
of the axial component of angular momentum of the
scattered field is attributed to “spin” and is associated with
part of the scattered power: Pspin = r2 ò ( I+ - I- ) cos d
where I+ and I- denote positive and negative helicity
components of the far-field scattered irradiance evaluated
at a scattering angle θ, r is the distance to the observer, and
the integration is over a solid angle of 4π sr. Evaluating I+

and I- using Mie theory and introducing the spin efficiency
factor Qspin where Pspin = I0 π a2 Qspin gives [3,4]:

Qspin = [2/(ka)2]      2 2
n n

1
{ a b  2n  1 / n n  1 }

n





    
+ { [2n(n + 2)/(n + 1)] Re[an+1 b*n + an b*n+1] } , (1)

where I0 is the illumination irradiance, a is the sphere
radius, k = /c, and an and bn are Mie coefficients in the
usual notation [1]. The Humblet decomposition shows that
there is a flux of orbital angular momentum having an
efficiency factor (Qsca - Qspin) where Qsca is the scattering
efficiency [3,4]. Omitting the orbital angular momentum
gives the incorrect impression of a torque on lossless
isotropic spheres illuminated by circularly polarized light.

3 Negative Radiation Forces and Bessel Beams
Much 20th century research on scattering by acoustic

beams concerned situations involving low frequencies
(associated with monopole and dipole scattering terms) or
situations in which the description of the beam was valid
only at high frequencies. Subsequently Durnin’s angular
spectrum representation was used to express the scattering
by an arbitrary isotropic sphere centered on the axis of a
Bessel beam [5,6].  The scattering is expressed in terms of
partial wave coefficients (sn-1) for the corresponding plane
wave scattering problem with a modified weighting factor
that depends on the conic angle β of the Bessel beam. It
was then possible to compute the scattering properties and
the associated acoustic radiation force for a variety of
spheres by appropriate selection of the sn from prior
results for plane waves [5-8]. Situations were found for
appropriate values of β and material properties such that
the direction of radiation force was predicted to be
opposite the propagation direction of the beam. These
results were extended to the case of spheres centered on
the axis of a first-order Bessel vortex beam [9,10]. For both
kinds of beams, negative radiation forces were associated
with situations in which scattering into the backward
hemisphere was greatly suppressed relative to the
scattering into the forward hemisphere. (Mitri [11] and
others provided other related derivations.) Consideration
of a partially analogous optical situation [12] provided
important insight into the momentum projected by a
Bessel beam. Subsequently Zhang and Marston carried out
a corresponding geometric analysis of the radiation force
on spheres centered on the axis of an nth order acoustic
Bessel beam giving a radiation force proportional to the
following dimensionless function [13]:
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Yp = (b - <w>) Qsca + b Qabs , (2)

where Qsca and Qabs are dimensionless scattering and
absorption efficiencies and <w> is the scattering
asymmetry (defined by extending Van de Hulst’s
terminology to the present situation) and b = cos β where β
is the conic angle of the Bessel beam. The asymmetry <w>
satisfies the condition -1≤ <w> ≤1. Inspection of (2)
shows that Yp and the corresponding force is negative only
when <w> is sufficiently positive and β is sufficiently
large. Though (2) was analytically derived in [13] it is
consistent with the geometrical interpretation in [12]. (The
geometrical interpretation based on momentum projection
has been used to demonstrate negative radiation forces for
other types of optical [14] and acoustic [15,16] beams.) In
(2) all of the factors depend implicitly on β. Absorption
introduces a positive force explicitly proportional to b Qabs

and the partial wave representation for Qabs is such that the
nth term is proportional to (1-|sn|2) and a factor depending
on β. For spheres with ka << 1 an approximation is
available for the increase in (1-|sn|2) due to viscous
dissipation in the fluid surrounding the sphere [17].

4 Radiation Torque of Acoustic Vortex Beams
Hefner and Marston [18] demonstrated the production

of a first-order vortex beam in water by the phased
excitation of a 4-element transducer array. By restricting
their analysis to paraxial nth-order vortex beams they
found that the time averaged axial angular momentum
flux is <Lz> = mP/ωwhere P is the beam power. They noted
that absorption produces a corresponding axial torque on
the absorber. Zhang and Marston [19-21] generalized the
torque analysis to axisymmetric objects in beams that were
not necessarily paraxial (including the case of mth order
vortex standing waves) and predicted that the torque
becomes, Γ = m Pabs /ω. This relationship was subsequently
verified using beams with a wide range of m [22]. For the
case of a sphere centred on a vortex Bessel beam Pabs is
expressible using a series expansion [13]. Far-field
scattering is useful in the analysis of acoustic torques [19-
21,23]. If the fluid surrounding the object is sufficiently
viscous, absorption in the fluid induces rotary streaming
which complicates the measurement of the torque [24].

5 Scattering Extinction of Invariant Beams
Idealized mth-order Bessel beams are perhaps the

simplest example of an invariant beam. While analyzing
the axial radiation forces of such beams (corresponding to
a generalization of Eq. (2)), the optical theorem was
extended so as to express the extinction power using an
appropriately weighted superposition of scattering
amplitudes at angles determined by the incident beam
[16,21]. For the case of a sphere placed on the axis of a
Bessel beam the extinction efficiency Qext depends

strongly on the conic angle of the beam as well as on ka.
For the simple case of a rigid sphere Qext approximately
scales as a function of ka sinβwhen ka is large [25].

6 Diffraction Catastrophes of Spheroidal Drops
Early measurements of the response of acoustically

levitated liquid drops to modulated ultrasonic radiation
pressure showed that modulation of the light scattered in
the rainbow region reveals small changes in the drop’s
shape [26,27]. Eventually higher-order caustics were
discovered in the far field scattering by sufficiently oblate
drops [28]. Nye computed the drop’s aspect ratio for a
hyperbolic umbilic focal section by requiring
simultaneously vanishing principal curvatures of the
associated outgoing wave front. The method of analysis
was applied to a variety of other cases and inverse
problems and a series of observations were performed [30-
35]. Other groups confirmed that related two-dimensional
scattering patterns are useful for inverse scattering and
that numerical ray tracing methods can be helpful [36,37].

7 Light Scattering by Bubbles in Liquids
Gas bubbles in liquids have a refractive index less than

the surroundings and this results in diffraction related
scattering processes differing from those for drops.
Examples include critical [38-44] and Brewster [42] angle
scattering and backward and forward glory scattering [45-
48]. Bubbles freely rising in water can become sufficiently
oblate that the glory axial caustic unfolds into a four-
cusped asteroid [48]. Near the critical scattering angle
modulation of interference features are useful for detecting
feeble shape oscillations [49]. At the critical scattering
angle convergence to geometrical optics is extremely slow
[41], the diffraction correction being O(ka)-1/4. Optical
radiation forces and trapping of bubbles in laser beams are
closely related to total reflection by the bubble [50].

8 Caustic-Merging Transitions for Cylinders
The location of rainbow scattering by the body of a

tilted circular dielectric cylinder depends on the amount of
tilt [51]. The rainbow caustics on opposing sides of the
meridional plane were observed to merge for a critical tilt
angle as predicted [52]. The associated caustic loci generate
a cusp curve [52]. This process generates an optical
backscattering enhancement for critically tilted flat-ended
dielectric fibers [53]. An analogous acoustic backscattering
enhancement has been demonstrated [54].

9 Acoustic Scattering Enhancement from Ordinary
and Backwards Guided Waves

Waves guided by surfaces of smooth elastic objects in
water ordinarily have group and phase velocities in the
same direction. An example of such a guide wave is a
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Rayleigh-like leaky wave on stiff solids in water or Lamb-
like waves on elastic shells. (A Rayleigh wave is a two-
dimensional surface guided wave on an elastic half space.
Lamb waves are waves in an elastic plate in which the
plate acts like a waveguide.) For spheres such waves
circumnavigate the backside and cause a type of backward
and forward directed glory scattering [55-57]. For elastic
shells situations can be found giving a topological change
in the ray diagram associated with a negative group
velocity. A pronounced backscattering enhancement is
produced by this guided wave because circumnavigation
of the backside is no longer required [58,59]. At a relatively
lower ka there is a more commonly studied backscattering
enhancement for thin shells associated with the near
coincidence of a guided wave phase velocity with the
speed of sound in water [60].

10 End and Corner Guided Wave Enhancements
Leaky guided waves on flat-ended objects can produce

pronounced backscattering enhancements of sound for
appropriately tilted objects due to the partial reflection of
the guided wave at the truncation. Examples include
meridional and helical rays on cylinders [61-64] and corner
reflections on cubes [65]. Franz waves guide by solid
cylinders are usually unimportant at high ka, however
they become a dominant scattering mechanism for a
slightly exposed cylinder at a free surface [66]. Guided
wave scattering contributes to sonar images [67,68] and to
the transient response of cylindrical shells viewed in the
time-frequency domain [69].

11 Fluctuations in Wavefields of Random Caustics
When a high frequency spreading wave reflects from a

randomly curved surface, there are situations where the
fluctuations of the associated reflected wavefield are
dominated by random caustics [70,71]. Catastrophe theory
was used to calculate the wavefield for an acoustic
realization of this situation and the analysis was supported
by numerical integration and the Kirchhoff approximation
[72]. The reflected wavefield was measured by placing the
corresponding reflecting surface in a large tank of water.
The observed fluctuations agreed with predictions [72,73]
and the observed third and fourth order intensity
moments depended on the acoustic frequency in a way
consistent with the theory of twinkling exponents of an
Airy caustic [31,70,71,73,74].

12 Doubly Focused Echoes from Spheres Scanned
Through Reflection Caustics of Curved
Surfaces

A special example of the aforementioned situation is the
case of a concave reflecting surface consisting of the inside
of a half of a circular cylinder (a large cylindrical pipe cut
in half along its diameter). Small spheres were scanned

through the Airy caustic of the associated internally
reflected wavefield of an ultrasonic wave in water [75].
The spheres were made of air-filled solid foam so as to
partially simulate the simple case of perfectly reflecting
spheres. The ultrasound backscattered by the sphere was
recorded by using the source transducer also as a receiver.
By using sufficiently short ultrasonic bursts the
backscattering was separated into three contributions: (a)
direct scattering by the sphere not influenced by the
presence of the cylindrical reflector; (b) a relatively
delayed echo which had reflected once from the cylindrical
surface as well being scattered by the sphere; and (c) an
even more delayed echo which had been scattered once by
the sphere but reflected twice from the cylindrical surface
(once prior to reaching the sphere and once afterward).
The questions of interest were:  how do the category (a),
(b), and (c) echoes depend on the location of the sphere
relative to the Airy reflection caustic of the circular
cylinder, and what are their relative magnitudes?  As
expected the direct scattering (a) depends only weakly on
the location of the sphere. The once-focused echo (b) is
larger than echo (a) when the sphere is close to the caustic
and the position dependence is approximately described
using an Airy function. (It is noteworthy that a uniform
approximation method was found to improve the
description of echo (b) [75].) Echo (c) is even larger than
echo (b) when the sphere is near the caustic because the
scattered wave is focused back on the source just as the
incident wave is also focused on the sphere. The position
dependence of echo (c) was shown to be a function of a
hyperbolic-umbilic diffraction integral [76]. (That integral
was previously found to be useful for describing the
scattering of laser beams by spheroidal drops of water
[31,35].) In analogous optical situations similar two-way
focal scattering enhancements are expected.
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